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Let K be an algebraically closed field. For a finitely generated graded commu- 
tative -ff-algebra R, let cmdef R := dim i?— depth R denote the Cohen-Macaulay 
defect of R. Let G be a linear algebraic group over K that is reductive but not 
linearly reductive. We show that there exists a faithful rational representation 
■ ' y of G (which we will give explicitly) such that cmdef K [l/®'^] > fe — 2 for 

all ken. 



> • 1 Introduction 

O 

1^ I Let us first fix some notation and conventions. The symbol G will always denote a linear 

Tjij- ■ algebraic group over the algebraically closed field K of characteristic p > 0, and V will 

always denote a finite dimensional rational G- module. Then G acts on the ring K[V] of 

polynomial functions V ^f K hy a ■ f := f o a~^, where / G K[T/],(t G G, so we have 

K[V] = S{V*), the symmetric algebra of the dual V* = RomKiV,K). We wih always 

assume that the algebra i^[y]*^ of invariants is finitely generated, which due to Nagata [18] 

is always true if G is reductive. We are interested in how far the invariant ring i^[y] is from 

/\ ' being Cohen-Macaulay. To this end we define the Cohen-Macaulay defect cmdef i^[y]^ to 

^ : be dimK[Vf - depth K[Vf. Then cmdef K[Vf > and K[Vf is Cohen-Macaulay 

precisely when cmdef i^[y] = 0. By Hochster and Roberts [12], the invariant ring i^[y] 

is Cohen-Macaulay if G is linearly reductive. 

Several papers have dealt with the depth of invariant rings of finite groups, see for 
example [4, 6, 7, 8, 9, 10, 14, 19, 21], but there are up to today no quantitative results for 
the depth of invariants of (infinite) algebraic groups. 

The goal of this paper is to make a first step in this direction. To have a context for the 
results of this paper, we mention three results from the literature explicitly: Every overview 
has to start with the celebrated theorem of Ellingsrud and Skjelbred [6], who proved that for 
p > and G a cyclic p-group, we have cmdef i<'[y]'^ = max (dimx(^) — dimi^(y'^) — 2, 0) . 
The main part of our paper is about bringing the following two results together: 
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Theorem 1.1 (Gordeev, Kemper [10, Corollary 5.15]) Let G be finite and p\\G\. Then 
for every faithful G-module V , we have 



lim cmdef-fiT 



y®k ^ 



OO. 



(Where V® denotes the A;- fold direct sum of V .) 

Theorem 1.2 (Kemper [13, Theorem 7]) Let G be reductive, but not linearly reduc- 
tive. Then there exists a G-module V such that K\V] is not Cohen- Macaulay. 

These two theorems should be compared with the following theorem, which is the main 
result of our paper: 

Theorem 1.3 Let G be reductive, but not linearly reductive. Then there exists a faithful 
G-module V (that will be given explicitly in the proof) such that 



cmdef K 



V 



®k 



G 



>k-2 for all k> 1. 



On the other hand, if G = SL„ acts on y = K^ by left multiplication, then y is a faithful 
SL„-module, and if n > 2 and p > 0, then SL„ is not linearly reductive. But by Hochster 
[11, Corollary 3.2], we have cmdef -fT [l/®*^] " = for all /c G N, so Theorem 1.1 can not 
be generalized to reductive groups that are not linearly reductive. 

It would be interesting to know if cmdef K[V] > implies linifc^oo cmdef -ftT [y®'^] = 
OO, but we have neither a proof nor a counterexample for this. 

Acknowledgment. This paper contains the main result of my "Doktorarbeit" (Ph.D. 
thesis) [16] (in German). I want to take the opportunity to thank my advisor Gregor 
Kemper for his constant support. 

2 The depth of graded algebras 

For the convenience of the reader, we have collected some standard facts about the depth 
of graded algebras that can be looked up in any better book on commutative algebra 
like [2, 5]. The given references generally only treat the local case, but this case carries 
over to our graded situation. For this paper, R will denote a finitely generated graded 
commutative i^-algebra R = ©^q ^d, where Rq = K. We call i?+ := ©^x ^d the 
maximal homogeneous ideal of R. A sequence of homogeneous elements oi, . . . , a^ S R+ is 
called a partial homogeneous system of parameters (phsop) if height(ai, . . . ,ak)R = k. If 
k = dimi?, then the sequence is called a homogeneous .system of parameters (hsop), and 
then R is finitely generated as a module over A := K[ai, . . . ,ak]. Due to the Noether 
normalization theorem, hsops always exist. 

The following lemma makes it easier to find phsops in an invariant ring. 

Lemma 2.1 (Kemper [13, Lemma 4]) Let G be reductive. If ai, . . . ,ak € -ftr[y]*^ form 
a phsop in K[V], then they also form a phsop in K[V] . 
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Let M always denote a nonzero, finitely generated Z-graded i?-niodule (the most im- 
portant case is M = R). Then a sequence of homogeneous elements ai , . . . , a^ G /?+ 
is called a homogeneous M-regular sequence of length k if for each i = 1, . . . ,k we have 
that ai is not a zero divisor of M/{ai, . . . , aj_i)i?M. If I C R^ is a proper homogeneous 
ideal, then a homogeneous M-regular sequence ai, . . . , a^ € /is called maximal (in /), if 
it can not be extended to a longer M-regular sequence lying in /. Due to the theorem of 
Rees, two such maximal M-regular sequences have the same length (which is finite in our 
setup), and we write depth(/, M) for that common length (the I-depth of M). We call 
depth M := depth(i?4_,M) the depth of M. In the case oi M = R, every regular sequence 
is a phsop, and R is Cohen-Macaulay if and only if every phsop is a regular sequence. We 
write depth/ := depth(/, /?) for the depth of I. We always have depth/ < height/, so for 
the Cohen-Macaulay defect of I, cmdef / := height / — depth /, we always have cmdef / > 0. 

Theorem 2.2 ([2, Exercise 1.2.23]) Let I C R_^_ be a proper homogeneous ideal. Then 

depth R < depth / + dim /. 

In particular we have cmdef/? > cmdef/. 

To apply this theorem in order to get a good lower bound for cmdef R, one has to find 
ideals / C R_^_ of which one knows the depth. The following lemma, which is inspired by 
Shank and Wehlau [21, Theorem 2.1] is the proper tool. 

Lemma 2.3 Let I C R^ be a proper homogeneous ideal of R, and ai,...,afc G / be a 
homogeneous M-regular sequence. Then depth(/, M) = k if and only if there exists a 
m (z M with m ^ (oi, . . . , ak)M and Im C (oi, . . . , ak)M . 

Proof. First assume that there exists a m G M with m ^ (ai,...,afc)M and Im C 
(ai, . . . , ak)M. Then obviously / only consists of zero divisors of M/(ai, . . . , ak)M, hence 
ai, . . . ,ak is a maximal M-regular sequence in /, hence depth(/, M) = k. 

Conversely assume depth(/, M) = k. Then ai,...,ak € / is a maximal homogeneous 
M-regular sequence. Then / only consists of zero divisors of N := M/(ai, . . . ,ak)M, so 
by [5, Theorem 3.1.b] we have / C UpgAss (N) Pi ^^^ ^y prime avoidance [5, Lemma 3.3] 
there is a p € AssrN with I Q p. Since p is an associated prime ideal of A^, there is a 
n £ N \ {0} with p = Ann/j n, and for a m G M with n = m -\- (ai, . . . , ak)M we have 
m ^ (ai, . . . ,ak)M and Im C (ai, . . . ,ak)M. D 

We will apply this lemma only in the case k = 2, since it is difficult to check if A; > 3 
elements form a regular sequence. To check if two elements form a regular sequence, we 
have the following lemma. 

Lemma 2.4 Let ai,a2 € /^[F]-)- be homogeneous. Then the following are equivalent: 

(a) oi, 02 form a phsop in K[V]. 

(b) ai,a2 form a regular sequence in K[V]. 

(c) ai,a2 are coprime in K\V]. 

If one (hence all) of the above conditions is satisfied and we additionally have ai,a2 € 
/ir[y]'^, then ai,a2 also form a regular sequence in K[V]^ . 
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3 First cohomology of groups and the depth of invariants 

The results of this section are a quantitative extension of the quahtative results of Kem- 
per [13]. Let H be an arbitrary group and VF be a i^i^-niodule (not necessarily finite 
dimensional). A map g : H ^ W, a >-^ g^ is called a {l)-cocycle, if we have g^r = (^dr + da 
for all a,T € H. The sum of two cocycles is again a cocycle, so the set of all co- 
cycles Z^{H,W) is an additive group. For any w G W, the map H ^ W given by 
(J I— >■ (a — l)w := aw — tt; is also a cocycle, and we call a cocycle which is given by such 
a w a {l)-coboundary. The set of all coboundaries B^{H,W) is obviously a subgroup of 
Z'^{H,W), and we write H^{H,W) := Z^{H,W)/B^{H,W) for the corresponding factor 
group. We call a cocycle g non-trivial, if it is not a coboundary, and we will often con- 
fuse an element g G Z^{H,W) with its image (also denoted g) in H^[H,W). Thus g is 
non-trivial if and only if g ^ in H^{H,W). If H is a linear algebraic group and W a 
rational (not necessarily finite dimensional) i7- module, then by Z^{H,W) we will always 
mean the cocycles that are given by morphisms of H to W (this is automatic for B^). Now 
let a G -fC[y] be an invariant. Then for any g G Z^{G,K[V]), we can define an element 
ag G Z^{G,K[V]) by (agr)^ := ago- for all a £ G. Obviously, multiplication with a gives a 
group homomorphism Z^{G,K[V]) -^ Z^{G,K[V]), and induces a group homomorphism 
H^{G,K[V]) -^ H'^{G,K[V]). Now for any g G H^{G,K[V]), we define its annihilator as 

Ann^[y]G(ff) := {a G K[Vf : a ■ g = G H\G, K[V])} < K[Vf. 

This ideal is proper if and only if c, / G H^{G,K[V]). We call a 7^ c^ G Z\G,K[V]) 
homogeneous of degree d > 0, if g^ G K[V]d for all a G G. An element of H^{G, K\y\)\ {0} 
is called homogeneous of degree d > 0, if it can be represented by a homogeneous element 
of degree d of Z^{G,K[V]) \ B^{G,K[V]) (this is well defined). If 5 G H^{G,K[V]) is 
homogeneous, then its annihilator Ann^ryiG(5) is also homogeneous. 

The proof of the following proposition has some overlap with the one of Kemper [13, 
Proposition 6], but we get a sharper result here. 

Proposition 3.1 Let 7^ 5 G H'^{G,K\y]) be homogeneous, and assume there exist two 
homogeneous elements 01,02 G Annj^tyiaig) of positive degree that are coprime in K[V]. 
Then 

depth(Ann^[y]G(fir)) = 2. 

Proof. Because of Lemma 2.4, oi, 02 form a i^[y] -regular sequence in Annj^iy^G{g). Since 
Uig = e H^{G,K[V]) (i=l,2), there are elements 61,62 G K[V] such that 

fliffo- = (o' — l)6i for all cr G G, J = 1, 2. 

Now set m := 0162 — 0261 G i^[y]'^. We will show that m fulfills the hypotheses of 
Lemma 2.3 with R = M = K[V]'-^, I = Annj^iyiG{g) and k = 2, i.e. m (ai,a2)x[v']G and 
mAnnj^tyiaig) Q (ai,a2)x[v'iG. Then Lemma 2.3 yields depth(Ann;^ryiG((7)) = 2. 

Assume by way of contradiction m G (ai,a2)xfv'iG. Then there are /i,/2 G i^[y] with 

m = aih2 - 0261 = /ifli -I- /2a2. 

Then 01(62 — fi) = 0'2{f2 + ^1)) and ai, a2 being coprime in K\y\ yields that ai is a divisor 
of /2 + 61, hence /2 + 61 = oi • /i with h G i^[V^]. Now 

ai • (cr — l)h = {a — l)(ai/i) = (a — l)(/2 + 61) = {a — l)6i = aig^ for all a £ G, 
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hence g^ = {(J — l)h for all a £ G. But then g = G H^{G, K[V]) contradicting the 
hypotheses of the proposition. Hence we really have m ^ (ai, a2)xfv'iG- Now we show 
mAnnj^^Y^G{g) C (ai, a2)^[y]G. Let as G Annj^^y^G{g). Then there is a 63 G K[V] with 
o-sQa = (o' — 1)^3 for all a £ G. Let 

Uij := ttibj — ttjbi G K[V] for 1 < i < j < 3. 

Obviously, m = U12 and we have 



U23ai - ui3a2 + mas 



ai 


«2 


03 


ai 


02 


03 


bi 


62 


63 



0, 



hence mas ^ (oi) 02)x[V'1g- Since as G Ann^^ryic ((7) was arbitrary, we have mAnn^r^/iG ((7) C 

Technically, the following theorem is our main result. 

Theorem 3.2 Assume there is a ^ g e H'^{G,K[V]). Let ai,...,ak G K[V]^ with 
k > 2 and a-ig = G H^{G, K[V]) for i = 1, . . . ,k. If one of the following two conditions 

(a) G is reductive and ai, . . . ,ak form a phsop in K[V] . 

(b) ai,a2 are coprime in K[V], and ai, . . . , a^ form a phsop in K[V]'-^ . 

is true, then 

cmdeiK[Vf > k - 2. 

In the case of (a) and A; = 3, this is Kemper [13, Proposition 6]. 

Proof. Condition (a) implies condition (b) by Lemma 2.4 and Lemma 2.1, so let us assume 
condition (b). By hypothesis, height Ann^ryi 0(9') > k, and by Proposition 3.1, we have 
depth Ann^ryiG((/) = 2. Thus cmdef K[y]'^ > cmdef Ann;^ryiG((7) > k — 2. D 

4 Invariant rings with big Cohen-Macaulay defect 

In this section, given a reductive, but not linearly reductive group G and a A; G N, we 
will explicitly construct a G-module V that fulfills the hypotheses of Theorem 3.2, hence 
cmdef i^[y] > k — 2. The main step is the construction of a G-module U with a 7^ 
g G H^{G,U). For some classical groups, this has been done in Kohls [15] by explicit 
calculation. With the help of a result of Nagata, we can give a general construction. 

Definition 4.1 Let W, V be G -modules with W (^ V . Then 

RouiKiV, W)o := {/ G RouiKiV, W) : f\w = 0} 
is a submodule of }loinK(y,W) , and we have 

Homi^(y, w)o ^W(S) {v/wy. 
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Proposition 4.2 (Kohls [15, Proposition 6]) Let W he a suhmodule of a G-module 
V and i € Hom;^(y, M^) with i\w = idi^/. Then cr ^^ g^ := (o" — \)i is a cocycle in 
Z^ (G ,}iom.K{V,W)o) , which is a coboundary if and only if there exists a G-invariant com- 
plement for W . 

Regarding this proposition, we see that in order to construct a non-trivial cocycle, one has 
to find a G-module V that contains a submodule which has no complement. By definition, 
such a G-module V exists if and only if the group G is not linearly reductive. Next, we 
will show how to find such a V . 

Definition 4.3 Assume p > O.M^e call the G-submodule 

FP{V) := {/ G SP{V) : there exists av £V with f = v^} 

of S^{V) the p-th Frobenius power of V . 

Recall that every linear algebraic group G is isomorphic to a closed subgroup of a suitable 
GLn{K) ([22, Theorem 2.3.6]). Then i^" is a faithful G-module. 

Theorem 4.4 (Nagata [17, Proof of Theorem 1]) Letp > 0, G be a connected linear 
algebraic group, and V be a faithful G-module. The following are equivalent: 

(a) G is linearly reductive. 

(b) G is a torus. 

(c) The submodule F^{V) of S'P{V) has a complement in S'^(F). 

Corollary 4.5 Let p > 0, G be a linear algebraic group such that the connected component 
of the unit element G^ is not a torus, and V be a faithful G-module. Then the submodule 
FP{V) of SP{V) has no complement in S^{V). In particular, G is not linearly reductive. 

Corollary 4.5 together with Proposition 4.2 explicitly leads to the construction of a G- 
module U and a non-trivial cocycle g £ Z^{G,U). All we need to start is a faithful 
G-module (which always exists). So the next step is to find annihilators of g. If W is 
another G-module and w G W'-^, then for a g' G Z^{G,U) we can define in an obvious 
manner w g & Z^{G,W ^U), and we also get a map w® : H^{G, U) -^ H^{G, W ®U). 

Let g G Z^{G., V). Then the X- vector space V := V ®K can be turned into a G-module 
with the G-action given by a ■ (w,A) := {av + Xg^jjX) for all {v,X) G F,cj G G. Up to 
G-module isomorphism, V only depends on g + B^{G,V). We call V the (corresponding) 
extended G-module of V (by g). 

Proposition 4.6 (Kemper [13, Proposition 2]) Let U be a G-module, g G Z^{G,U) 
be a cocycle, and letU = U ® K be the extended G-module corresponding to g. Let further 
be TT : U ^ K, {u,X) <-^ X (with u £ U,X £ K). Then vr is invariant, it G U*^ , and 

7r(g)g = OeH^{G,U*(0U). 

Theorem 4.7 Let G be a reductive group, U be a G-module such that there is a ^ g £ 
H^(G, U) and U be the corresponding extended G-module. If V := U* (B ©j=i U, then we 
have cmdef K[y]'^ >k-2. 
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Proof. Since C/ is a direct sumniand of K[V] = S{V*), we have (after an embedding) 
0^ g e H^{G, K[V]). Let ai, . . . , Ofc G K[Vf be the k copies of the element vr G U*^ of 
Proposition 4.6 in the k summands U* of i^[y]. Then ai, . . . , a^ form a phsop in K[V] and 
we have aig = G H^{G, K[V]) for i = 1, . . . , fc. Now the result follows from Theorem 3.2, 
case (a). □ 



Theorem 4.8 Under the hypotheses of Theorem J^.l, with V := U* (B U, we have 

>k-2 for alike N. 



1 G 

cmdefi^ V®^ 



If W is any faithful G-module, then V := W (B U* (B U is faithful, and the theorem 
above remains valid with this V. Now let G be a reductive group that is not linearly 
reductive. Then by definition, there exists a G-module M with a submodule N Q M 
without complement. By Proposition 4.2, the module U := Homi^(M, A'^)o satisfies the 
hypotheses of Theorem 4.7 or 4.8, so we have proved Theorem 1.3. Together with the 
theorem of Hochster and Roberts, this immediately leads to the following characterization 
of linearly reductive groups: 

Corollary 4.9 A reductive group G is linearly reductive if and only if there is a global 
Cohen-Macaulay defect bound, i.e. a number 6 € N with cmdef i^[y]*^ < b for all G- 
modules V . 

Bringing all construction steps together, we get the following explicit result. We will 
restrict ourselves to the case that G^ is not a torus. See [16, Satz 4.2] for the other case. 

Theorem 4.10 Let p > and G be a reductive group such that G" is not a torus, and V 
be a faithful G-module. Let 

U := HomKiSPiV),FP(y))o ^ F^iV) ® {S^ {V) / F^ {V))\ 

(see Definition 4-1) and l £ IloinKiS^(y),FP{V)) with L\pptv) — '^^FP(V)- Then with 
g : G ^ U, a \-^ {a — l)t, we have a ^ g G H^{G, U). Let U be the corresponding extended 
G-module. Then the G-module 

k 

Mk := FP{Vy © {SP{V)/FP{V)) © t/ 

is faithful, and we have 

cmdef K [Mkf >k-2 for all k > 0. 

Proof. By Proposition 4.2 and Corollary 4.5, we have ^ g £ H^{G,U). The direct 
summand FP{V)* of Mk is faithful since V is, hence M^ is faithful. Since the mod- 
ule U = FP{V) © (S'^ (y) / PP (V))* is a direct summand of the second symmetric power 
S^{PP{V) © {SP{V)/FP{V))*), it is also a direct summand of K[Mk] = S{M^), hence after 
an embedding we have ^ g G H^{G, K[Mk]). Now the proof proceeds like the one of 
Theorem 4.7. □ 

Remark. Comparing with Theorem 4.7, we see that in the definition of M^ we replaced 
the summand U* = FP{Vy © {SP {V) / PP (V)) by FP{Vy © {SP{V)/FP{V)). This makes 
Mfc faithful and leads in most cases to a lower dimension of M/.. 
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5 Examples for SL2 and Ga invariants in positive characteristic 

The group SL2 acts faithfully by left multiplication on U := K^. Let {X, Y} be the standard 
basis of U, so we have U = {X, Y)k- We use the notation like 5^(C/) =: {X'^,Y'^,XY) and 
F^{U) =: {XP,Y^). Explicit calculations of the modules M^ of Theorem 4.10 lead to the 
following examples. These calculations can be found in Kohls [15, section 3], where we had 
to restrict ourselves to the case A; = 3 since we did not have Theorem 3.2. 



Example 5.1 Let p = 2. Then 

k 



cmdef K 



(X2,y2^©0(x2,y2^xy) 



1=1 

Example 5.2 Let p = 3. Then with 



SL2 



>k -2 for alike N. 



Mfc:= {X^Y')(B{X,Y)(B^S\{X,Y)) 

i=l 
k 

Mk:= {X^Y^)(B{X,Y)®^{X^,Y^,XY) 



or 

i=l 

we have cradef K[Mj.]^^^ > k — 2 for all /c € N. In the second case, Mj. is self-dual and 
completely reducible, since its summands are. 

One can use Roberts' isomorphism [20] to turn an example for the group SL2 into an 
example for the additive group G^ = (X, +): Every SL2-module V can be regarded as a 

module of the additive group G^ by the embedding Ga ^^ SL2, * '"^ ( p, )• Roberts' 

isomorphism (see [3, Example 3.6]) says we then have 

K[{x, Y) e y]SL2 ^ K[vf"^ . 

It is probably worth remarking that in positive characteristic, it is not known if for every 
Ga-module V the invariant ring i^[y] " is finitely generated, while in characteristic zero 
this is Weitzenbock's Theorem [23]. If y is a SL2-module and we have used Theorem 3.2 in 
case (a) to show cmdef Er[l/]^^2 >k-2, then we also have cmdef K[{X, Y) (BVf^^ >k- 2, 
because all the hypotheses of the theorem made for K[V] will still hold for K[{X, Y) QV]. 
Then by Roberts' isomorphism, we also have cmdef i^[F]" > k — 2. In the case that 
{X, Y) already is a direct summand of y, so T^ = {X, Y) (BV with a SL2-module V, then 
Roberts' isomorphism directly tells us cmdef i^[y']'' > k — 2. In particular, the examples 
5.1 and 5.2 for the group SL2 can easily be turned into examples for the group Ga - e.g. 

for p = 3 we have cmdef K {X^ ,Y^) © 0f=i(X2,y^Xy) "> A; - 2 for all A; > 1. 

If G is a non-trivial, connected unipotent group, there is a surjective algebraic homo- 
morphism G -^ Ga (see [3, last paragraph before section 3] for a proof of this well-known 
result). So if V is any Ga-module, it can be regarded as a G- module with the same invariant 
ring. In particular, we have 
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Theorem 5.3 For every non-trivial, connected unipotent group G over an algebraically 
closed field K of characteristic p > 0, there exists a G-module V such that K[V® ] is 
finitely generated and cradef K[V®'']^ > k — 2 for all k > 1. 

The modules M^ of Theorem 4.10 often are not very "nice", in particular they have big 
dimensions. With some more effort, we succeeded to construct "nicer" modules for the 
groups SL2 and Ga such that the invariant rings have big Cohen-Macaulay defect. We just 
state the result here, and refer to my thesis [16, pp. 113-126] for the proof. 

Theorem 5.4 Let {X,Y) be the natural representation 0/SL2 and p > 0. Let 

k 



V:={XP,Yn(B^{X,Y). 



i=l 

Then we have 

cmdef K[Vf'' >k-2 and cmdef K[Vf^'' > k - 3. 

As a direct sum of self dual Ga- or SL2- modules, V is self-dual, too. Regarded as SL2- 
module, V is completely reducible as a direct sum of irreducible SL2-modules. Furthermore, 

diuiKlVf" = 2fc + 1 and dim K[Vf^^ = 2fc - 1, so we have 
depth i^[F]'^'" < A; + 3 and depth K[Vf^^ <k + 2. 

We have the conjecture that all inequations in this theorem in fact are equations if 
k > 2 and A; > 3 for Ga and SL2 respectively. We were able to verify this conjecture 
with computational methods using Magma [1] for the group Ga in the cases {p, k) € 
{(2, 2), (2, 3), (2, 4), (3, 2), (3, 3)} - then by Roberts' isomorphism, the conjecture is also true 
for SL2 and the corresponding pair (p. A; + 1). See [16, pp. 129-140] for the computational 
details. It is interesting to compare this theorem with the result of Hochster that we 
mentioned in the text below Theorem 1.3. 
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